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BFEM ที่น�าเสนอนี้จะแสดงผลการจ�าลองรูปคลื่นกระแสไฟฟ้าและแรงดันไฟฟ้าแผ่กระจายไหลผ่านแท่งอิเล็กโตรด
เทียบกับเวลาโดยใช้โปรแกรม MATLAB เพือ่ค�านงึถงึความปลอดภยัในการตดิตัง้ระบบต่อลงดินของสถานไีฟฟ้าย่อย
แรงสูง และมีความเชื่อมั่นในความปลอดภัยของคนจากแรงดันสัมผัสและแรงดันช่วงก้าว
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Abstract
In this study, transient responses of the grounding electrode installed in a 2-layer soil structure in time 
domain schemes were analyzed based on the boundary finite element method (BFEM). A new methodology to 
estimate lightning impulse responses was presented whereas related components, i.e. impulse-current dispersal 
of grounding electrode, soil resistivity, time-domain responses and lightning strike models in exponential 
time functions were taken into account. Mathematical formulas were applied to determine current and voltage 
distribution along the electrode while soil ionization phenomena could be used for further description. Time 
domain analysis of the grounding electrode impulse was carried out based on the BFEM. Through MATLAB, 
the simulations were performed to ensure a safe grounding system for power generation stations coupled with 
an awareness of step and touch potentials in which personal safety remains a primary concern
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1. Introductions
Analysis of the grounding systems subjected to 
lightning impulse current is complicated and the transient 
impulse response of grounding electrodes results 
in almost empirical formulation of lightning protection. 
This paper presents for time domain analysis of a 
grounding system for transient by applying the BFEM 
method for the analytical calculation of the behavior 
of a grounding electrode under transient conditions. 
Finally, efficient and accurate numerical formulations 
have been derived from this BFEM method approach. 
The BFEM method belongs to the second category 
of methods (i.e., the grounding electrode is treated 
as an open ended transmission lines or as a series 
of π-circuits). Telegraphy equations are used and 
analytical formulae are obtained for current and voltage 
distributions along the grounding electrode in a two 
layer soil model. The difference with previous attempts 
is that no particular assumptions for the energization 
source or the length of the electrode are required, a 
linearly increasing current at the start is considered.
 In the method proposed in the paper, lightning 
injection current is modeled as a typical double 
exponential function. It is shown in Figure 1 that from 
the infinite series of terms comprising the general 
solution for voltage and current, a small number of 
terms is needed to provide results of satisfactory 
accuracy in most practical cases. The results from the 
analytical calculation of the lightning impulse response 
of horizontal grounding electrode are presented. The 
impulse impedance and defined as the ratio of the 
instantaneous potential rise at the injection point to 
the energization current and the impulse coefficient, 
defined the impulse impedance to the frequency 
resistance [1]. The results obtained are validated with 
experimental data and compared with results obtained 
from other analytical of the numerical methods are 
Ritz method, Galerkin method and variational method. 
2. Analysis 
2.1 Potential Distribution Along the Ground Electrode 
Potential distribution along the ground electrode 
for a two layered soil model. Grounding electrodes 
are characterized by per unit length series resistance 
Re, series inductance Le; shunt conductance Ge [2]; 
and shunt capacitance Ce. However, the voltage and 
current distribution along the electrodes must satisfy 
the telegraphy equations, as shown in Figure 2 [2].
                           Liew                                 Bellaschi
Figure 2 Grounding electrode for a two layered soil 
ionization model.
Figure 1 The step voltage critical of the person in 
grounding system when lightning strikes [1].
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For the purposes of our analysis grounding 
electrodes are modeled as a network of series connected 
π-equivalent circuits with lumped R-L-C elements, 
where each π-circuit corresponds to a small conductor 
as shown in Figure 3. In this condition, the equations of 
telegraphy are expressed through magnetic and electric 
fluxes as follows:
  (1)
  (2)
The models suppose the ground rod radius is not 
a function of x shown in equation (1) and (2), where 
the radius of the ground rod is a function of time [3]. 
It is obvious that distributed parameters R, L, C and 
G. Mathematical analysis of this network requires:
1) formulation of the expressions of voltages and 
currents for the equivalent network of π-circuits;
2) calculation of their limits as the number of 
π-circuits increases.
 The network model of the electrode is equivalent 
to an open-ended transmission line. The first stage of 
this calculation involves determination of the voltages 
and currents V0 and I at each as shown in Figure 3.
2.2 Boundary Finite Element Numerical Analysis 
 BFEM numerical approach has been applied to 
the grounding analysis of a real electrical installation. 
The grounding system protection is area of 38,000 m2. 
The studied area is a wider superimposed rectangular 
zone of 300×260 m2. The ground potential rise (GPR) 
considered in this study is 10 kV [3]. The plans of the 
earthing grid as shown in Figure 4 and Figure 5, the 
general data (see in Table 1) were obtained from the 
grounding plans and specifications of the substation. 
The characteristics of the numerical model that has 
been used in this example can be found in Table 1.
Table 1 Grounding system: Characteristics and BFEM 
numerical model [3]
Data
Number of Electrode 534
Number of Ground Rods 24
Diameter of Electrodes 11.28 mm
Diameter of Ground Rods 15.00 mm
Depth of the Grid 0.75 m
Length of Ground Rods 4 m
Max. Dimensions of Grid 230×195 m2
GPR  10 kV
BFEM Numerical Model
Type of Element Linear
Number of Elements 582
Degrees of Freedom 386
Table 2 Grounding system: Obtained for different soil 
One Layer Soil Model
Soil Resistivity 60 Ω - m
Total Current 6.73 kA
Equivalent Resistance 0.149 Ω
Two Layer Soil Model
Upper Layer Resistivity 200 Ω -m
Lower Layer Resistivity 60 Ω -m
Thickness Upper Layer 1.2 m
Total Current 5.61 kA
Equivalent Resistance 0.178 Ω
In Table 2 compares the numerical results, the 
equivalent resistance and the total electrical current 
leaked into the ground of the analysis. Figure 4 and 5, 
shown the potential distributions on the earth surface 
when the grounding electrode attains the GPR voltage, 
Figure 3 Voltages and currents at lumped elements of 
the equivalent circuit network.
173
The Journal of KMUTNB., Vol. 25, No. 2, May. - Aug. 2015
วารสารวชิาการพระจอมเกลา้พระนครเหนือ ปีที ่25 ฉบบัที ่2 พ.ค. - ส.ค. 2558
obtained by using the homogeneous and isotropic soil 
model and the proposed two layer soil, remark that the 
analysis of this grounding system with the two layer soil 
model is particularly difficult. Because the length of 
the ground electrode is 4 m and higher than the height 
of the upper layer is 0.75 m.
It is obvious that both potential distributions. It is 
known that noticeably different contour drawings do 
not necessarily correspond to significant differentces 
between the plotted results as shown in Figure 6, 
compare the potential profiles computed with the two 
soil along two different lines on the ground surface.
 The Kirchoff’s laws for voltages and currents 
need to be satisfied at any point of the network [4].
Figure 6 Profiles of potential distribution on the soil 
earth surface along two lines: vertical axis 
of graph shown the potential distributions 
voltage (kV) and horizontal axis of graph 
the distance (m) of the electrode [4]. 
Figure 5 Grounding system: Potential distribution 
(x10kV) on ground surface obtained with 
a two layer soil model: vertical axis and 
horizontal axis of graph shown the potential 
distributions width (m) on the earth. 
Figure 4 Grounding system: Potential distribution 
(x10kV) on ground surface obtained with 
a homogeneous and isotropic soil model: 
vertical axis and horizontal axis of graph 
shown the potential distributions width (m).
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  (3)
Telegraphy equations result in voltage distribution 
as follows:
  (4)
Where      and
 
The above partial solution must be completed by 
the general solution of the homogeneous differential 
equation. This is expressed by the following equations 
for current and voltage, correspondingly:
 
  
 
  (5)
 
  
 
  (6)
where
 
 
 
 
 
 
Consequently, current and voltage at any point 
of the electrode at any time are given by equation (7)
 
  (7)
Expressions (5) and (6) comprise sums of infinite 
terms, only a few terms are needed, however [5]-[7], 
to approximate the solution with satisfactory accuracy.
The number of these infinite terms depends on the 
electrode length, soil resistivity, relative permittivity 
εr1, εr2 and the rise time of the injection current. It 
increases as the length of the electrode increases and 
as the soil permittivity decreases. It should be noted 
that accuracy within less than 1% is obtained with 
only one term when the response of electrode lengths 
shorter than the “effective length” determined in [8], 
is calculated. In electrodes longer than the “effective 
length,” however, three terms provide results with an 
error < 1% in practical cases examined. These terms 
should be selected from the values r1,2 (k). The fact 
that very few terms are needed in the final expressions 
(5) and (6) greatly simplifies the method making it 
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suitable for use in analytical calculations. It should be 
noted that apart from this simplification, closed form 
expressions have been used in the main stages of the 
procedure, which are close to the parameters of the 
injected double exponential α, β.
All constants of e C1(k) and C2(k) in (5) and (6) and 
in (3) are determined in order to satisfy the initial conditions 
of propagation of current and voltage traveling waves.
 
  (8)
or
  (9)
  (10)
It is convenient to use the auxiliary functions:
 
  (11)
 C1(k) are set equal to C2(k), in order to have real 
values of current Ih (x, t) and Vh (x, t) when the roots 
ri (k) are complex, this works well also the roots are 
real. In the expressions (3)-(6), forward and backward 
traveling waves can be distinguished for current:
 
 
  (12)
In equation (12), I + (x, t) is the sum of all forward 
current waves and I - (x, t) is the sum of all backward 
waves. When total current at point is given as the sum 
I (x, t) = I + (x, t) + I 
-
 (x, t). A similar expression is used 
for voltage V (x, t) = V + (x, t) + V 
-
 (x, t).
 In this general, it has higher value than the steady 
state resistance, although a lower value may appear at 
the first is depending on the electrode characteristics 
as show in Figure 7.
 
 
 
  (13)
Impulse impedance is defined as the ratio of the 
Figure 7 The potential voltage difference between 
two points on the ground when the ground 
electrode for a two layered soil, cause the 
touch voltage and the step voltage [3]. 
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transient potential at the injection point to the current.
   =   (14)
2.3 Soil Ionization 
When large current densities are injected in the 
electrode, large currents emanate from its surface to 
the soil.  When the critical field strength exceeds a 
particular value, breakdown of the soil occurs. In this 
case, the electrode will be surrounded by a cylindrical 
corona-type discharge pattern [9]-[11], which augments 
its practical radius and makes the dispersion of the 
current from its surface to the earth easier. The critical 
breakdown strength Ecrit of the surrounding soil can be 
obtained from the following formula:
  (15)
where Ecrit is in kilovolts per meter, σE is in (Ωm)-1
In the method proposed in this paper, soil ionization 
can be easily accommodated at a given time t by 
modification of the ground electrode radius as follows.
1) Current and voltage distribution along the 
electrode are calculated for given soil characteristics, 
impulse current, and electrode geometry.
2) The field strength is calculated, leading to a 
respective change of the conductor radius, if applicable 
[9]. Modified conductor radius is given from the 
formula , the values I is the leakage 
current at a discrete point, ρ is the resistivity of soil, 
and Ec is the critical electric field intensity value.
3) When current and voltage distributions are 
calculated for the new radius of the conductor which 
is changing along the electrode. 
4) For the next time, steps 2 and 3 are repeated.
3. The New BFEM Iterative Numerical Algorithm
Figure 8 shows the flowchart of new the proposed 
algorithm. In this research. It is then used as boundary 
condition for finite element method resolution of 
diffusion equation. The new BFEM has the advantage 
that the potential V (x, t) and the current I (x, t) may 
be known for any point at a discreet time (time step 
equals 0.01 μs in the simulation). The transient potential 
distribution voltage above the surface of the ground 
corresponds. In the interval corresponding to one step 
of time in the simulation, these coefficients are taken 
equal to their value in this time, and viewed as constant. 
The potential distribution V (x, t) at soil surface is 
then easily obtained. In Figure 8 gives the algorithm 
used. Theoretically, the null potential is at infinity. For 
practical reasons, the domain is limited to a radius of 
70 m. This is confirmed by measurements. The transient 
response of grounding electrodes results in almost 
empirical formulation of lightning protection method 
in a two layer soils structure of grounding system. 
 
4. The Simulation Results
 Validation of the proposed method is based on 
experimental data from literature. Test electrode and 
injection current are described in Table 3. Soil has 
resistivity 60 Ω-m and permittivity 80. When current 
injected has low values so soil ionization phenomena 
can be neglected. Results are plotted in the following 
Figure 9-12.  They are contrasted to experimental data 
and results obtained from using MATLAB program, 
and where the electrode is modeled using a series of 
circuits, similar to the model as shown in Figure 3. 
It is shown that the results are almost identical to those 
177
The Journal of KMUTNB., Vol. 25, No. 2, May. - Aug. 2015
วารสารวชิาการพระจอมเกลา้พระนครเหนือ ปีที ่25 ฉบบัที ่2 พ.ค. - ส.ค. 2558
from using program and close to experimental ones. 
The proposed model is applied to the transient analysis 
of a 140 m long electrode with a radius of 1.5 mm 
buried in 0.9 m in 300 Ω-m soil. Injection current has a 
7/28-μs waveform. Many attempts have therefore been 
made in the past for the calculation of this transient 
behavior. They can be divided in two main categories: 
1) those based on frequency domain calculations with 
subsequent transformation of the solution in time 
domain using inverse fast Fourier transformation 
(IFFT) and 2) those based in calculation of the 
solution directly in the time domain. The current and the 
voltage values at various points of the electrode are in 
Figure 9-12. Soil resistivity of the surrounding soil decays 
in an exponential manner, when ionization occurs.
Figure 8 Flowchart of the BFEM iterative numerical 
algorithm.
Figure 9 Current distribution versus time at various 
points of a 140 m long electrode buried in 
high relative permittivity soil (εr = 50).
Figure 10 Current distribution versus time at various 
points of a 140 m long electrode buried in 
low relative permittivity soil l (εr = 1).
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Table 3 Input data for model application 
Test Electrode Injection Current
Length 100 m
Diameter 3 mm
Burial depth 0.60 m
It can be observed that currents and voltages at 
any point of the electrode have almost the same wave 
shape versus time as the injected current when εr = 50 
as shown in Figure 9 and 11. When relative permittivity 
is low, the effect of the capacitive component weakens. 
In this case, the electrode shows a reactive behavior. 
This results in faster appearance of the voltage peak 
at the injection point and distortion of the current 
waveshape along the electrode.
Maximum current value decrease as the distance 
form the start increases, until it reaches zero at the 
electrode end as shown in Figure10. This results in 
modification of R-L-C parameters of the equivalent 
ladder network that represents the ground electrode, 
according to an exponential rule. This is expected 
from the theory of traveling waves at the open-ended 
transmission line, since current waves are fully reflected 
at the end of the electrode, giving a zero total current 
value at this point. 
 The ratio of the maximum voltage at any fixed 
distance x to the maximum voltage Vmax at the current 
injection point decreases as the electrode length 
increases, because the increased length weakens the 
effect of superposition of reflections at the end.  
 This is shown in Figure 12 where experimental 
results and analytical formulae (7), (9), (10) have been 
contrasted for the calculation of Vx / V0 ratio for the 
simulated 140 m long electrode in 300 Ω-m soil. 
The electrode under consideration is a 8.61 m buried 
horizontal electrode excited by 22.2 kA impulse 
current. Voltages and currents have been calculated 
for the first 30 μs. At the present moment, the study 
of large installations with two layer soil models still 
requires an important computing effort. In fact, two 
layer models can be used in real time and the transient 
potential distribution voltage above be surface of the 
Figure 11 Voltage distribution versus time at various 
points of a 140 m long electrode buried in 
high relative permittivity soil (εr = 50).
Figure 12 Voltage distribution versus time at various 
points of a 140 m long electrode buried in 
low relative permittivity soil (εr = 1).
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ground corresponds to the transient ground potential 
rise for homogeneous or heterogeneous soil. It is easy to 
investigate at distance from the ground rod the transient 
potential rise does not exceed 1,000 V.
5. Conclusions  
In this paper, a new method for the analysis of the 
transient behavior of grounding electrodes in presented. 
A boundary element approach for the analysis of 
substation earthing systems in layered soils has been 
presented in this paper. Thus, accurate results should 
be obtained in practical cases with a relatively small 
computational cost. The proposed BEM technique has 
been implemented in a computer aided design system 
developed by the authors for grounding substation 
design. The proposed approach has been applied to 
a practical case, and the results obtained by means 
of  both, a single and a two layer soil model, have been 
compared. The results obtained from comparison 
method of the current and voltage distribution at 
various points for time: t = 0.5 × 10-5 S and εr = 50 as 
shown in Table 4 and Table 6. The results obtained 
from comparison method of the current and voltage 
distribution at various points for time : t = 1.5 × 10-5 S 
and εr = 1 as shown in Table 5 and Table 7. Thus, it is 
characterized by the following advantages.
Table 4 Results obtained from comparison method of 
the current distribution at various points for 
time: t = 0.5×10-5 S and εr = 50
Long Electrode 35 m 70 m 105 m 140 m
BFEM Method 0.47 A 0.29 A 0.14 A 0 A
Ritz Method 0.42 A 0.21 A 0.13 A 0 A
Galerkin Method 0.45 A 0.27 A 0.14 A 0 A
Variational Method 0.44 A 0.25 A 0.11 A 0 A
Table 5 Results obtained from comparison method of 
the current distribution at various points for 
time: t = 1.5×10-5 S and εr = 1
Long Electrode 35 m 70 m 105 m 140 m
BFEM Method 0.39 A 0.22 A 0.11 A 0 A
Ritz Method 0.37 A 0.20 A 0.09 A 0 A
Galerkin Method 0.40 A 0.21 A 0.12 A 0 A
Variational Method 0.36 A 0.19 A 0.11 A 0 A
Table 6 Results obtained from comparison method of 
the voltage distribution at various points for 
time: t = 0.5×10-5 S and εr = 50 
Long Electrode 35 m 70 m 105 m 140 m
BFEM Method 3.8 V 3.4 V 3.15 V 3 V
Ritz Method 3.5 V 3.3 V 3.12 V 2.9 V
Galerkin Method 3.4 V 3.3 V 3.11 V 2.7 V
Variational Method 3.6 V 3.2 V 3.13 V 2.9 V
Table 7 Results obtained from comparison method of 
the voltage distribution at various points for 
time: t = 1.5×10-5 S and εr = 1
Long Electrode 35 m 70 m 105 m 140 m
BFEM Method 3.9 V 3.5 V 2.4 V 1.90 V
Ritz Method 3.7 V 3.2 V 2.2 V 1.76 V
Galerkin Method 3.6 V 3.4 V 2.3 V 1.83 V
Variational Method 3.7 V 3.3 V 2.4 V 1.85 V
1) The method is based on closed form solution 
of the telegraphy equations. The solution is achieved 
directly in time domain, so any transformation to and 
from the frequency domain is not required.
2) The proposed method is general (no particular 
assumptions for the form of the energization source or 
the length of the electrode are required).
3) Convergence to fifth decimal point is achieved 
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using only a few terms (up to four) of the infinite 
series expressing analytically the current and voltage 
distributions, while the initial conditions are fully 
satisfied. This simplification simplifies and accelerates 
calculations of grounding system.
4) Results compare very satisfactorily with 
field measurements or results from other analytical 
or numerical methods. A good agreement is also 
observed in case soil ionization is incorporated in 
the analysis.
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